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Most of the presentation will be about the tetrahedron equation for simplicity.



1. Tetrahedron and 3D reflection equations (3D analogue of the Yang-Baxter and reflection egs.)
Tetrahedron eq. [A.B. Zamolodchikov 80]

6 7 7 k
R124R135 Ro36 Ruse = RuseRo36R135R124 on V' Rijr € End(V®V ®V)

3D reflection eq. [Isaev-Kulish 97]

Reso K3579 Ro49 Ro58 K1478 K1236 456 = Ra56 K1236 K1478 258 R249 K 3579 89

MWOVIWRVRVRVeawWeV eV Ky € EndW e VoW eV

They are compatibility conditions of the quantized Yang-Baxter eq. and quantized reflection eq.,
which are the usual Yang-Baxter and reflection equations up to conjugation.
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Several interesting solutions are known for the tetrahedron equation
by Zamolodchikov, Baxter, Kapranov-Voevodsky, Bazhanov, Kashaev, Korepanov, Maillet,
Mangazeev, Sergeev, Stroganov, Bytsko-Volkov, K-Matsuike-Yoneyama, etc.

A few solutions are known for the 3D reflection equation by K-Okado, Yoneyama.

One systematic (traditional) approach is the quantum group theoretical one using

quantized coordinate rings by [Kapranov-Voevodsky 94] and PBW basis of U by [Sergeev 08].

They are equivalent [K-Okado-Yamada 13| and have been developed extensively
with many applications.

In the approach, the diagrams in the previous pages emerge as
Rex (reduced expression) graphs in the Coxeter group of SL4 and Spy.

The aim of this talk is to explore another approach by [Sun-Yagi 22] where these diagrams
are accompanied by quivers on which the quantum cluster algebras work.

We will devise a new realization of a quantum cluster algebra by g-Weyl algebras,
identify an existing solution and obtain new solutions.
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2. Quantum cluster algebra  [Fock-Goncharov 03,09]

Seed = (B,Y)
B = (bij)?,jzl’ bi; = —b;j; € Z : Exchange matrix (n fixed) B & Q : quiver with vertices
oh. . 1,...,n
Y=M,....,Yn), Y.Y;=¢"7Y;Y;: Y-variables
. by
F(Y) =F(B,Y) : non-commutative fraction field generated by Y t > J

Mutation

pe(B,Y) = (B, Y ke{l,...,n}

ij bij + [bki)+bkj + [brj]+bir  otherwise

Y/ _ Yk_l 7’ — k
i qbzk[bkz]_i_YZYk[bk’L]-F Hlbkzl (1 + q—Sgn(bki)(ZI’n—l)Yk)—Sgn(bki) 27& k

m=1



pr on Y is decomposed into monomial part and dilog (automorphism) part
in two (4, —) ways so that the following diagram becomes commutative:

Y;l € IF(Y) L) ]F(Y) Tk,g(}/i,) = qbki[sbik]+}{iyk[€bik]+ (6 — 4 - sz'gn)

I Mi dilogpart ) f — Ad(T,(Y7)%), ie. ph (Yi) = U (¥Q) Vi, (¥y) ™
Y e F(Y) —— F(Y 1

| € F(Y') _— (Y) T, (X) =

(—¢X;4%) oo

monomial part

Compositions of Ad(¥4(Y¢)¢) 7k, are called cluster transformations.

1 2 1 2
Example O — O ﬁ) O = o] bio =1= —ba1, V1Yo = q2Y2}/1
Yl Y2 Y1(1+qY2—1)—1 Y2—1
Mg +
To4 _ 1 1Y > 1T (q7 ) P(Y2) Y2 = ¢ Yi(1+ ¢ Y2) Y,
N
Yy — uh Yi(14gY, 1)~!

1\ — _ 1\ — _ S
To. Y > U (Y, )TN0 (Y, ) = Vil (¢?Y, )T, (Y ) 7



3. Application to the tetrahedron equation (basic idea)

Coxeter relation in the Weyl group W (sl4) in terms of indices of the simple reflections

®: 121 «— 212, 232 +— 323 o: 13 +— 31

Rex (reduced expression) graph of the longest element (indices of ®, o refer to the positions)

D456 DPo34 012045 Po34
03/’ 123121 —> 123212 — 132312 — 312132 — 321232 \(Ii
121321 321323

(19123\

212321 — 213231 — 231213 — 232123 —> 323123 ~ 034

P345 023056 Q345 P23
Equating the two routes

034P193P345023056P345P 123 = Pus56P234012045P234 P 456034

Formal identification R;jir = ®;;,0:x leads to the tetrahedron equation:

Ri04R135Ra36 Ras56 = Ra56R236 135124



This observation has been utilized to produce an actual solution
via quantized coordinate ring A, = A,(sly) [Kapranov-Voevodsky 94]

Quantum cluster algebra Quantized coordinate ring

Quivers attached to wiring diagram <> reduced expression <+ irreducible A,-modules

mutations

cluster transformations Coxeter relation <+ intertwiner of A,-modules

quantum dilogarithm identity
involving monomial parts

loop in Rex graph <> tetrahedron eq.
Now this part is explained for the specific choice of Square Quiver.

In order to have a non-trivial loop, one should consider the longest element
of the relevant Coxeter group.
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Coxeter relation
as wiring diagram

Square quiver associated
to the wiring diagram
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Mutation sequence with the sign (—, —,+,+) as an example:

(B,Y) := (BD, YD) = (B® v®) = (BO®) y®) L, (BW vy®) Xy (B®) Y©O) — (BO) Y©) = (B Y
% K8

U8 K5 4 045
According to the sequence, the cluster transformation Ria3 : F(Y') — F(Y) is given by

Rigs = Ad (T, (Y V™) ) 7s _ Ad (T, (Y ™) ) 15 - Ad (T, (V) 741 Ad (T (Ya)) 78,1045
= Ad(T(Ys )T 0, (Vs 1) 71) om0 Ad(Tq (Y3 )T (Y2 1)),

where the monomial part 7= 7g _75 _74 78,4045 : F(Y') = F(Y) is given by
Y/~ Y1, Y, YoYaYs, Y5 q 'YsYy, Y[ qYylYg!

YiYs, Y YsYsYs, Y. qYrYs, Yy qY[ 'Yl Yy Y,
as =14 q¢ 'Y, + Y,Y5,

Explicitly Ria3 acts as follows: as =1+q Y5 + YiYs,
_ —1
Y! v auYi, Y, o YaVaYsarl, Yie VaYaYaas!, Y/ o auYitagl, as =1+¢ Y5+ ¥k
Y! = asYg tagt, Y asYs, Y. — agYs, Yy = agY tag 't Yy YoYsYeas '

Claim: The cluster transformation R satisfies the tetrahedron equation.



321323 = 323123 Mutations/cluster transformations for RHS of the tetrahedron eq.

Black: wiring diagram, Blue: square quiver

Indices of R are the vertices of the wiring diagram.
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391393 Mutations/Cluster transformations for LHS of the tetrahedron eq.
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Realization in terms of g-Weyl algebra

In the initial and final wiring diagrams

attach the canonical variables

[Ui, wj] = 277,52] (Z,] = 1, 2, 3)

to the vertices 1,2,3 . (g = €P).

Initial

Y] = 6_w2_>‘2, Y, = eul_u2+>\1, Yo =e ™
Ys = 6u2+>‘2, Yy = ewz—w3—>\3, Yg = e U3,

Y; = e—'wl—)\l, Yy = eu3+>\3, Yy = e¥s.

“Parameterize” the Y-variables by the rule:

ghe—i "
Ik oW

Final

<—?

Yll — e—’ws—)\s, Yi — eu2_u1+>\2, Y7’ — 6_u2,
Y2’ — 6u1+>‘1, }/5/ — e’w3—w2—>\2, YS’ — 6u3_w1_)\1+)‘3,
Yy = e“2.

Yy =e 3, Y{ = e"1,

(A1, A2, A3 are parameters for which a similar graphical rule exists.)



Proposition
(i) }/zY} = q2bij YJYZ’ Yz',Yj/ — q2b:;jyvj/Yi/
(i) Monomial part 7 is realized by Baker-Campbell-Hausdorff formula as

1 Aa—A
7(-+-) = P(--- )P~ with P = e2r(1—w)(wa=ws) g o “55" (us—w)

Therefore the cluster transformation Ris3 is totally an adjoint as
Rios = Ad(Wg(V5 ) 7 0a(% 1)) 7Ad (g(1 ) W(¥{ 1)) = Ad(R(A, Ao, Ag)1zs)

R(/\l,)\z,)\3)123 = ‘I’q(Y5_1)_1\I’q(Y8_1>_1P\I’q(Y8,_1)\I’q(Y5,_1)

— \Ifq(ews—w2+)\3)—1\11q(eu3—w1)—1P\Ijq(ew1—u3+)\1—)\3)\I,q(ew2_w3+>\2)

(iii) Tetrahedron equation holds:
R(A1, A2, A1)124 R(A1, A3, A5)135 R(A2, A3, A6)236 R( A4, As, A6 )a56
= R(A4, A5, A6)a56 R( A2, A3, A6)236 R(A1, A3, As)135 R(A1, A2, Ag)124



4. Relation to know solutions

R-matrix for the square quiver with sign = (—, —, ++)

R(A1, Az, As) = Ty (¥~ 0ate)~1ig (ghs—u1)~L Py, (e¥r st ha—de) (wr—wsthe)

1 Ao —A
P = eﬁ(u1—11)1)(11)2—11)3)0.23e 22h 3(U3—w1)

reproduces the R-matrix in “Quantum 2 + 1 evolution model” [Sergeev 98|,

which was obtained from “face type” 3D auxiliary linear problem.

Other choices of sign provide different formulas for the same R-matrix.

For example, sign = (+, +, —, —) leads to

R()‘la )‘27 /\3) — \Pq(ewl_u3)\I’q(6w2_w3_>\3)P/\Ilq(ew3_w2—)\2)—l\Ijq(GU3—’w1+>\3—)\1)—1

1 A1—A2+A A A
P/ — eﬁ(’wl—us)(ﬂa-i-wz)o.me 1 2?2‘z+ 3(wl_u3>+ﬁ(w2_w3)+§%(Ul_u2)




Modular double version
imb?

—imb 2 _ b4+b 1t

Set h=imb?, g=¢"", g=c¢ , = "

Ai = 2mbA;, u; — 2wbE;, w; — 2wbp;, (24, Pk] = 50,k

Non-compact quantum dilogarithm

4

1 —2iuw d o
®p(u) = exp (—/ ‘ w) y(u — ib/2) =14 2™ =
R

+io sinh(wb) sinh(w/b) w ®p(u + ib/2)

(this formula is valid when [Imu| < |Ren|)

From (), the Modular double R acting on L?(R®) such that
(i) Z; acts as a mu}tiplication by z; and p; as —%a%j
(i) duality b <+ b~! is implemented

is obtained by formally replacing ¥, (e*"%%) by &, (1) :

‘Ilq (627rb(u+ib/2) )

U, (e2mb(u—ib/2))

- (1)



sign = (—, —, +, +):
R(A1, A2, A3) = Pp(P3 — D2 + A3)Pp(T3 — P1)P Pp(P1 — T3 + A1 — )\3)_1@1,(152 — P3 + )\2)_1
P — 627”3(501—131)(133—132)0-23627”30\2—)\3)(131—ff?B)
Sign - (+7 +7 K _):

R(A1, A2, A3) = ®p(P1 — £3) ' Pp(P2 — D3 — A3) 1P By (P3 — P2 — X2)Pp(23 — P1 — A1 + A3)

P — 627”'(@3—231)(@2+232)0.13627T71(>\1 —X2+A3)(Z3—P1)+A1(P3—P2)+A3(T2—21)

Integral kernel (matrix element) of the modular double R [Sergeev 10]
(x1, T2, T3|T], T, T5) = 6(x1 — x1)0(22 — x5)0(x3 — x5)

(z1, 22, 23|R(A1, A2, A3)|Z], 25, ¢5)  (up to normalization)

2mi((z5—A1)(z1—2])+(As3—in)(z2—z7)) (I)b($2 — T — Al)q)b(xlg _ xll 4+ A2)

=0(zy + 23 — 265 — TH)e ; )
(2 3 2 3) @5(33/2—331—7»77)q)b(332_33,1_/\1+)‘2_Z77)

“®y-analogue of the cross ratio ”



5. Outlook

Captured by quantum cluster algebra
for the square quiver (what about the rest?)

(z|R|z) ~ 8(xa+T3—1hH—1x5)
Oy (T2 —x1 -+ )Pp(T5—27 )
<I>b(:1:’2—x1 "')(I)b($2—£11/1 )
“quantum 2+1 evolution model”
[Sergeev 98, 10|

=

Rivizis  giztis Wei (12 = 11)Wp, (J2 — J1)
717273 J2+73 Wps (]2 . il)wp4 (i2 _ .71)

——
—

—

“vertex-IRC” duality

“vertex formulation of ZBB model”

[Sergeev-Mangazeev-Stroganov 95]

Case of Triangle quiver:

A new solution to the tetrahedron and 3D reflection egs.

“vertex-IRC” duality ¢

(I)b(zl)q)b(ZQ)(I)b(Z;:,)(I)b(&l)
(I)b(z3 + 24 )

(z; = linear form of zq,...

(z|Rlz") ~

, T3)

moduar double of [K-Matsuike-Yoneyama 23]

I Fourier transform

o1 +o2 5ozt /dze"'q’b(”oljé;)@b(ﬁ,%%)
o110y “oytog @b(z_l_%)@b(z— 0%3_)

“gquantum geometry R”

[Bazhanov-Mangazeev-Sergeev 09]

o

(n|R|n") ~
stz gnatny 5~ 47 W (ot BEE Jwp, (0 B
ny+ny; ny+ns

"4nl---
neZn Wp, (n+ n1+'l;3 )wp4(n_n1 23 )

“Zamolodchikov-Bazhanov-Baxter (ZBB) model”
[Bazhanov-Baxter 92]

[Inoue-K-Terashima| in preparation
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